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Abstract. We give a construction of genus fields for congruence function 
fields. First we consider the cyclotomic function field case following the ideas 
of Leopoldt and then the general case. As applications we give explicitly 
the genus fields of Kummer, Artin-Schreier and cyclic p— extensions. Kummer 
extensions were obtained previously by G. Peng and Artin-Schreier extensions 
were obtained by S. Hu and Y. Li. 



1. Introduction 

The concept of genus field goes back to Gauss [4] in the context of binary qua- 
dratic forms. For any finite extension K/Q, the genus field is defined as the maximal 
unramified extension K g of K such that K g is the composite of K and an abelian 
extension k* of Q: K g = Kk* . This definition is due to Frolich [3]. If Kh denotes 
the Hilbert class field of K, K C K g C Kh- Originally the definition of genus 
field was given for a quadratic extension of Q. Gauss in fact proved that if t is the 
number of different positive finite rational primes dividing the discriminant 8k of a 
quadratic number field K, then the 2-rank of the class group of K is 2 t_2 if 8k > 
and there exists a prime p = 3 mod 4 dividing 8k and 2 t_1 otherwise. 

H. Leopoldt [8] determined the genus field K g of an abelian extension K of Q 
using Dirichlet characters, generalizing the work of H. Hasse [5] who introduced 
genus theory for quadratic number fields. 

M. Ishida determined the genus field K g of any finite extension of Q [7]. X. 
Zhang [14] gave a simple expression of K g for any abelian extension K of Q using 
Hilbert ramification theory. 

For function fields, the notion of Hilbert class field has no proper analogue since 
the maximal abelian extension of any congruence function field K/¥ q contains 
K m := K¥ q m for all positive integers m and therefore the maximal unramified 
abelian extension of K is of infinite degree over K. 

M. Rosen [10] gave a definition of an analogue of the Hilbert class field of K 
and a fixed finite nonempty set Soo of prime divisors of K. Using this definition, a 
proper concept of genus field can be given along the lines of the classical case. R. 
Clement [2] considered a cyclic extension of k := ¥ q (T) of degree a prime number I 
dividing q — 1 and found the genus field using class field theory. Later, S. Bae and 
J. Koo [1] generalized the results of Clement following the methods of Frolich [3]. 
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G. Peng [9] explicitly described the genus theory for Kummer function fields. 
Recently S. Hu and Y. Li [6] explicitly described the ambiguous ideal class and the 
genus of an Artin-Schreier extension of a congruence rational function field. 

In this paper we develop an analogue of Leopoldt's genus theory for congruence 
function fields. We give a description of the genus field K g of a finite abelian 
extension of a congruence rational function field by means of the group of Dirichlct 
characters for cyclotomic function fields. Here we consider the Hilbcrt class field 
Kh of a function field K using the construction of Rosen for Soo = {poo}, where 
poo is the pole divisor of T in the rational function field k = ¥ q {T). 

More precisely, let K be a finite abelian extension of k. Then if K is contained in 
a cyclotomic extension, we find that K g is also contained in a cyclotomic extension 
and we find the group of characters associated to K g . If K is not contained in a 
cyclotomic extension and poo is tamely ramified, we consider a suitable extension of 
constants of K and then proceed as before to find K g . Finally, if poo is wildly ram- 
ified we consider the cyclotomic extension where poo is totally and wildly ramified 
and proceed similarly to the previous cases. 

We apply our results to Kummer and to Artin-Schreier extensions of k and we 
give new proofs of the results of Peng and of Hu and Li. At the end, we show that 
our construction also works to find explicitly the genus field of an arbitrary finite 
cyclic p-extension of k given by a Witt vector. 



2. Classical case 



Let if be a number field, that is, a finite extension of Q. Let Kh be the Hilbert 
class field of K, that is, Kh is the maximal abelian unramified extension of K. Then 
the genus field K g of K is the maximal extension of K contained in Kh that is the 
composite of K and an abelian extension k* of <Q>. Equivalently, K g = Kk* C Kh 
with k* the maximal abelian extension of Q contained in Kh- 

First we recall genus theory in the abelian case for number fields [8] . In this case 
K g is the maximal extension of K contained in Kh such that K g /Q is abelian. So, 
in this section we consider K/Q an abelian extension. By the Kronecker-Weber 
Theorem there exists n £ N such that K C Q(Cn), where £ n denotes a primitive 
n-th root of unity. Let X be the group of Dirichlet characters associated to K. 
That is, A is a subgroup of the dual of Gal(Q(C„)/Q) = U n := (Z/nZ)*; then 
X C U n and K is the subfield of Q(Cn) fixed by d xe x kerx- 

Let n — p" 1 • • • p" r be the factorization of n as a product of prime powers. For 
any character \ let Xpt — X° Pi 



where ipi = $ 1 o g p . , with 



■ c* 




*:U n - and 9 Pi :U pT 

a mod n ^ (a mod Pj aj )j a mod Pi ai 



3=1 1 

' ^ (1, • • ■ ,o moApi a \ . . . , 1). 
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The character \pi has conductor p^ for some fii G N, 1 < i < r. For any 
rational prime p <£_ {pi, . . . ,p r }, x P = 1. Let p be a rational prime and define 
X P '■= {Xp I X € X}. Then we have \X p \ — e p is the ramification index of p in if. 
Thus, 

Theorem 2.1 (Lcopoldt [8]). Let if be an abelian extension of Q and let X be 
the group of Dirichlet characters associated to if. Let J be the maximal abelian 
extension of Q containing if such that J / if is unramified at every finite rational 
prime. Let Y be the group of Dirichlet characters associated to J. Then Y = 
Tlper Xp, where the product runs through the set of rational primes V . 

Proof. Since J/K is not ramified in any finite prime, we have e p (J/K) = 1, then 
the ramification indices coincide, thus \X p \ = \Y p \ for all primes p. Since X p C Y p , 
we have X p = Y p . Let Z := Yl peV X p . Then Z p = X p . Let F be the field associated 
to Z. As X C IlpeP X p = Z, we have if C F and analogously J C F. On the other 
hand, since \X p \ = \Z p \, the extension F/K is unramified, thus F C J. Therefore 
F = J and it follows that Y = Z = ]\ peV X p . □ 

Remark 2.2. If the infinite primes are unramified in J/K we have K g = J. 
Otherwise, K is real and J is imaginary. Then K g = J + where J + := J n R and 
the group of Dirichlet characters associated to J + is Y + := {x € Y \ x(— 1) = 1}. 
Finally [J : J+] = [Y : Y+] = 2. 

Example 2.3 (Gauss Genus Theorem). Let K = Q(Vd) be a quadratic extension 
of Q, where d € Z is square free. Let m be the number of different prime factors 
of 6k, the discriminant of K. If p\, . . . ,p m are these factors, we choose p\ = 2 if 
2 | fa-. 

Let x be the quadratic character associated to K. Then x Pi 7^ 1, 1 < i < m 
and Xg = 1 for all q E V \ {p\, . . .,p m }- For pi ^ 2, x Pi is uni que and Xp,(- !) = 
(_l)(Pi-i)/2. i n this case t h e field associated to x Pi is Q{y/{-l) {vi ~ 1)/2 Pi)- If 
Pi = 2, then there are three quadratic characters \p\ — Xi'i two of them have 
conductor 8, one is real and one imaginary, and the other one has conductor 4. 
If X2 is real, x(~ 1) = 1 and the field associated is Q(\/2). If X2 is imaginary of 
conductor 8, x(~ 1) = ~ 1 an d the field associated is Q(v / — 2). Finally, if X2 is of 
conductor 4, x(— 1) = —1 and the field associated to X2 is Q(C4) = QW = Q(v / — !)■ 
It follows that the maximal abelian extension of Q unramified at every finite prime 
is J = Q( v /e, v /(-l)(p l -i)/2 pi I 2 < i < m) where e = (-l)^ 1 - 1 )/ 2 ^! if Pl ^ 2 and 
e = 2,-2 or -1 if pi = 2. 

Thus we obtain [J : Q] = 2 m and [J : K] = 2™- 1 . We have K g — J except 
when if is real and J is imaginary and this last case occurs when 5k > (d > 0) 
and there exists k = 3 mod 4. In this case, [J + : if] = 2 m ~ 2 . For the quadratic 
extension K = Q( v /r T4) over Q, we have K g = Q(\/2, 7^7) and for if = Q(<\/79) 
we obtain J = Q(V^79, i) and if 3 = J+ = J n M = Q(V79) = if. 

Now if Ck is the class group of if , Ck — Qb1{Kh / K) and E is the fixed field 
of C K , then Gal(-E/if) = Ck/C k . Since if g is the maximal abelian extension of 
Q contained in if^, if g is the fixed subfield of Kh under the derived group G' of 
G := Gal(if H /Q). It can be verified that G' = C\ so that K g = E and it follows 
that the 2-rank of Ck is 2 m ~ 1 unless d > and there exists a prime p = 3 mod 4 
dividing d and in this case the 2-rank of Ck is 2 m ~ 2 . 
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Example 2.4. If p is an odd prime, if is a cyclic extension of Q of degree p and m 
is the number of ramified primes in if, it follows that K g is an elementary abelian 
p-extension of Q of degree p m and [K g : if] = p m ~ x . In particular p m_1 | \Ck\- 

Now let if be any abelian extension of Q with Dirichlet character group X. 
Consider for each p G V, X p . Let J be the field associated to \~\ pe -pX p . Let 
p"i P ._ g C d{f Xp | x € X} where f Xp denotes the conductor of Xy Then the field K p 
associated to X p is contained in Q(C P m p ) but not in Q(£ m p -i ). If p is odd, K p is the 
unique subficld of Q(C P m p ) of degree \X p \ over Q and K p /Q is a cyclic extension. If 
p = 2, K 2 is one of the following fields. If \X 2 \ = (p(2 m ?) = 2 m2 ~\ K 2 = Q(C2- 2 ). 

if \x 2 \ = v^p. = 2^- 2 , if 2 = Q(C 2 ^ 2 ) + = Q(C 2 ™ 2 + C2-2) = Q(C 2 ™ 2 ) n m if 

X(-l) = 1 for all x e X and if 2 = Q(C2™2 - <£~m 2 ) if tnere exi sts X G AT with 

x(-i) = -i- 

Therefore, if K and J are both real or both imaginary, K g — J — \~\ peV K p . If 
K is real and J is imaginary, P 9 = J+ = J n R. 

3. Cyclotomic function fields 

First we give some notations and some results in the theory of cyclotomic function 
fields [13]. Let k = F 9 (T) be a congruence rational function field, ¥ q denoting the 
finite field of q elements. Let Rt = F ? [T] be the ring of polynomials, that is, Rt 
is the ring of integers of k. R^, denotes the set of monic irreducible polynomials in 
Rt- For N <G Rt \ {0}, Ajy denotes the iV-torsion of the Carlitz module and fc(Ajv) 
denotes the iV-th cyclotomic function field. The i?T-module A^v is cyclic and Xjy, 
or A if there is no possible confusion, denotes a generator of An as i?T~niodule. For 
any function field K/W q , K m := K¥ qm denotes the constant field extension. For 
any m e N, C m denotes a cyclic group of order m. 

We have k(A N ) = k(X N ) and G N := Gal(fc(A JV )/fc) ^ (R T /(N))* with the 
identification cta^n — ^ for A e Rt- For any finite extension K/k we will use the 
symbol Soo(K) to denote either one prime or all primes in K above poo, the pole 
divisor of T in k. We understand by a Dirichlet character any group homomorphism 
X- (Rt/(N)) — > C* and we define the conductor f x of x as the monic polynomial 
of minimum degree such that x can be defined modulo f x , x : (^T/(fx))* C*. 

Given any group of characters X C Gn(= hom(GAr, C*)), the field associated 
to X is the subfield of fc(Ajy) fixed under n xe xkerx. Conversely, for any field 

K C fc(Ajv), the group of Dirichlet characters associated to K is G&\(K/k). 

For any character x we consider the canonical decomposition x = ripe_R+ XPi 
where xp has conductor a power of P. We have f x = Ilpe,R+ fxp- 

If X is a group of Dirichlet characters, we write Xp := {xp | X S X} for P € i?^. 
If if is any extension offc, fc C if C k(Ajy) and P G P^, then the ramification 
index of P in K is ep = |ATp|. 

In k(Ajy)/k, poo has ramification index q—1 and decomposes into different 
prime divisors of /c(Ajv) of degree 1. Furthermore, with the identification Gat = 
(Rt/(N))*, the inertia (= decomposition) group 3 of poo is F* C (P T /(iV))*, 
that is, 3 — {a a \ a £ ¥*}. The primes that ramify in k(AN)/k are p m and the 
polynomials P G P^ such that P | N. 

We set L„ to be the largest subfield of k{Ai/ T n) where poo is fully and purely 
wildly ramified, n G N. For any field F, n F denotes the composite FL n . 
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We recall Rosen's definition for a relative Hilbert class field of a congruence 
function field K . 

Definition 3.1 ([10]). Let K be a function field with field of constants ¥ q . Let S 
be any nonempty finite set of prime divisors of K. The Hilbert class function field 
of K relative to S, Kh,s, is the maximal unramified abelian extension of K where 
every element of S decomposes fully. 

From now on, for any finite extension K of k we will consider S as the set of 
prime divisors dividing p^, the pole divisor of T in k and we write Kh instead of 
Kh,s- 

Definition 3.2. Let K be a finite geometric extension of k. The genus field K g 
of K is the maximal extension of K contained in Kh that is the composite of K 
and an abelian extension of k. Equivalently, K g = Kk* where k* is the maximal 
abelian extension of k contained in Kh- 

When K/k is an abelian extension, K g is the maximal abelian extension of k 
contained in Kh- Our main goal in this section is to find K g when K is a subficld of 
a cyclotomic function field. In what follows K will always denote a finite geometric 
abelian extension of k. First we note that we have the analogue to Leopoldt's result. 

Proposition 3.3. If K C fc(Ajy) and the group of characters associated to K is X, 
then the maximal abelian extension J of K unramified at every finite prime P <E R^, 
contained in a cyclotomic extension, is the field associated to Y — Yl PeR + Wp = 

T\p\n x p- 

Proof. Analogous to the proof of Theorem 2.1. □ 
In this case poo has no inertia in J/K but it might be ramified. 

Proposition 3.4. If E/k is an abelian extension such thatpoo is tamely ramified, 
then there exist N <G Rt and to e N such that E C k(K^)¥ qm . 

Proof. By the Kronecker- Weber Theorem [13, Theorem 12.8.5], we have E C 
fc(Ajv)F 9 ™L n = „fc(A7v) m for some N G Rt and n,m e N. 

Let F := k(AN)¥ qm = fc(Ajv) m and let V be the first ramification group of 
in FL n /k. Then R := (FL n ) v is the maximal extension of k where p x is tamely 

ramified and in consequence S oc> (R) is wildly 
/f « ramified in FL n /R. 

Since is tamely ramified in E/k, it follows 
that E C R. Now, p^ is tamely ramified in 
Fj k and Soo (F) 1S fully an d wildly ramified in 
FL n /F and FL n /F is of degree \V\. Hence 
R = F and E C F. 

□ 




Proposition 3.5. With the hypothesis of Proposition 3.3, if e Vao (K\k) = q — 1, 
then K g = J. 

Proof. Since e Poa (J\K) — el°°(K\k) = q^T = 1' P°° decomposes fully in J/K and 
therefore J C K g . 
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Now the field of constants of K g is W q (see [10] or simply if ¥ qm is the field of 
constants of K g , k C k m C K g and poo is fully inert in k m ; since poo and Soo(K) 
have no inertia in either K/k or J/K, m = 1.) 

Since poo decomposes fully in K g /K and poo is tamely ramified in K/k, by 
Proposition 3.4 we have K g C fc(Ajv)F 9m for some iV £ Rt and meN. 

In all the extensions k m /k, K m /K, J m /J, fc(Ajv) m /fc(Ajv) the infinite primes 
are fully inert since all have degree 1 (see [13, Theorem 6.2.1]). In the extensions 
Km/ km and K/k the ramification index of the infinite primes is q — 1, that is, 
the maximal possible. It follows that in J m /K m , J/K, k(Ajy)/J and fc(Ajv) m / 4i 
Soo(K m ), Soo(K), S^J) and Soo(J m ) are fully decomposed. Finally, in k(A N ) m /J 
(and therefore in fc(Ajv)m/A" g ), Soo(J) is unramified. 

Let £ := Gal(fc(Ajv)m/J)- For Sca(J) we have that in this extension the rami- 
fication index e, the inertia degree / and the decomposition number h are e = 1, 
/ = m and /i = — . Therefore the decomposition group 25 of poo is of order m and 
it is cyclic. We must have 25 = Ga\(k(AN) m /k(Apf) because Soo^A^)) ^ s ftdly 
inert of degree m in fc(AAr) m /fc(AAr). Since 5 l 00 (J r ) has inertia degree 1 in K g /J, it 
follows that K g C fc(Ajv). Thus K g = J. □ 




Now we consider the general case fc C if C k(A N ). We use the notations of 
Proposition 3.3. In this case poo might be ramified in J/K. Let Y x := {x £ Y \ 
X(a) = 1 for all a £ F* C (R T /(N))* ^ G N } and let jW be the field associated 
to Yi. Then jW C J since Yi C Y, though not necessarily jW C if or K C jW. 
Let := A-JW. 

Then j( 2 ) is the field associated to the character group XY\. Since poo decom- 
poses fully in J^/k, Soo(K) decomposes fully in j( 2 '. Furthermore Soo(J^) is 
fully ramified in J/jW. Hence SooiJ^) is fully ramified in J/j( 2 ~>. 

We obtain that J^/K is an unramified abclian extension with J^ C fc(A]v) 
and Soo(K) decomposes fully in j( 2 )/K. It follows that J^ = J s where 25 is the 
decomposition group of S^J). 

Now consider any unramified abelian extension F/K such that Soo(K) decom- 
poses fully in F. By Proposition 3.4, F C fc(AAr)F ?m for some A" £ Rt and m G N. 
In case F C fc(Ajv), let Z be the group of Dirichlet characters associated to F. 
Since F/AT is unramified, it follows that X C Z C Y by Proposition 3.3 and thus 
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FCJ. Since J( 2 ) = J s , we obtain that F C j( 2 ). 



fc(Ajv) ■ 



fc(Ajv)r 




For the general case k C F C fc(Ajv)F 9 ™, let 3 be the inertia group of Soo(K) in 
k(h.N)/K and let £> := fc(AAr) 3 . Then S oc {B) is fully inert in £> m because it has 
degree 1 and S 00(B) is fully ramified in fe(Ajv)/-B. Since Soo(K) decomposes fully 
in B, B is the decomposition field of Soo(K) in k(A.N)m/ K so B C B C fc(Ajv). 

From the first part, we obtain that F C j( 2 ). We have proved the following 

Theorem 3.6. isstime K C fe(Ajv) for some polynomial N. Let X be the group 
of Dirichlet characters associated to K, Y = Y\p\n Xp, Yi = {x € Y \ x( a ) = 
1 /or a/Z a G F*} and J 1 - 1 ) the field associated to Y\. Then the genus field K g of K 
satisfies K g C fc(Ajv) and K g = KJ^\ □ 



4. General congruence function fields 

First we consider any finite geometric abelian extension K/¥ q of k such that poo 
is tamely ramified. Then we have K C k(AN)W qm = k(Apj) m for some N G Rt 
and m G N. Since fc(Ajv)/fc is a geometric extension and fc m /fc is an extension 
of constants, we have fc(Ajv) H fc m = k. Define E := if TO n fc(Ajy) C if m . Thus 
B m C On the other hand [AT m : fc] = [if m : fc m ][fc m : k) = [E : k][k m : k] = 

[E m : k m ][k m : k] = [E m : k\. Therefore E m = K m . We also have [E : k] = [K : k] 
since m[K : fc] = [K m : k] = [E m : k] = m[E : k]. In other words, E plays a role 
similar to that of K but it is contained in a cyclotomic extension. 

Since E = K m n k(A N ), it follows that Ef] K ~ E g C\ K = k(A N ) n K. Because 
K m /K and E g /E are unramificd, we obtain that E g K/K is unramified. Also, 
since Soo(E) decomposes fully in E g , Soo(EK) decomposes fully in E g K. Now, 
Soo(E n K) has inertia degree one in E/(E(lK) so 5oo(^) has inertia degree one 
in EK/K. Therefore E g K C K g . Finally, if C := K g n k(A N ), on the one hand 
E g C C and on the other hand C/E is unramified since K g /EK and EK/E are 
unramified; also S 00(E) decomposes fully in C/F. It follows that C C E g . Thus, 

C = Eg and Fg = F g F. 
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fc(Ajv) 



k(A N ) r 




m — il m 



Note that K„ 



Hence K g = E g D m where D is the decomposition group 



of Soo(K) in Eg m /K. Observe that = [K g m : K g ] = ^ where t is the degree 
We have proved 



Theorem 4.1. Let K/W q be a geometric finite abelian extension of k where is 
tamely ramified. Let N G Rt and m G N be such that K C /c(Ajv)F gm . Let E g 
be the genus field of E := fc(Ajv) fl KF q ™ and let E g ^ m — E g ¥ qm . Let 2) be the 
decomposition group of Soo(K) in E g ^ m . Then the genus field of K is K g = E g ° m = 
E g K. ' □ 

Remark 4.2. Let (a) = G&\(k(A N ) m /k(A N )) = Gal(fc m /fc). Then with the above 
notations, we have T) = (cr*) and 



[Kg - K] 



[E g , m :K} _ [E g , m :K m ][K m :K] 



12)1 



m/t 



[Eg : E]t, 



where t — dcg(Soo(K)). 



Finally we consider any geometric finite abelian extension K of k. By the 
Kronecker-Weber Theorem, we have K C fc(Ajv)F 9 ™L„ = n fc(Ajv) m for some N G 
R T and n, m G N. Let Q := Gsi( n k(A N )Jk(A N )J, U := Gal( n k(A N )JKk(A N )J, 
M := Kk(A N ) m HL n = where U x := H\ Ln . 

Let G := Gal( n k(A N )J L n ), H := Gal( n k(A N )J n K), F := „Jf n fc(Ajv) ro = 
MAw)^ 1 where i?i := #| fe(Ajv)m . 

We have F = n K n fc(A]v) m C n iT. Hence, on the one hand n F C „if , and on 
the other hand [ n k{A N ) m : n F] = [k(A N ) m : F] = \H\\ — \H\ = [ n k{A N ) m : n K\. 
It follows that n F = n K. Similarly we obtain Mk(AN) m = Kk(AN) m - 
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Set A C Q x G such that K = „fc(A M )^. First we will prove that FM = 
KM = FK. We have F = n k(A N f m xH and M = n k(A N )^ xG . Then if we denote 
R = n k(A N ) m , we have 

R An( S xi) = R A R 5xi = Kk(A N ) m - Mk{A N ) m 
so that A n (£ x 1) = H x 1. Similarly A n (1 x G) = 1 x H. Therefore 

FM = R gxH R HxG = Jl(Sx-H)n(HxG) _ ftHxH 

KM = R A R HxG = R An ^ HxG \ 
FK = R gxH R A = R( gxH ^ A . 

Since it is easily seen that (Q x H) n A = A n ("H x G) = "H x H, it follows that 
FM = = FX. 

Given that F g /F is unramified and >Soo(F) decomposes fully, we obtain that 
n KF g / n K is unramified and S'oo(nF) decomposes fully. Now, in n K/K the only 
possible ramified prime is Soo(K) and if this is so, it is wildly ramified. It follows 
that in n KF g /K the only possible ramified prime is Soo(K) and if this is so, it is 
wildly ramified. In particular in F g K/K the only possible ramified prime is Soo(K) 
and if it ramified, it is wildly ramified. 

Again, given that the extension F g /F is unramified and Soo(F) decomposes fully, 
F g K/ FK is unramified and 5^ (FK) decomposes fully. In the extension Fj (KtlF), 
Soo(KnF) is tamely ramified, hence Soo(K) is tamely ramified in FK/K. Therefore 
Soo(K) decomposes fully in FK/K. In short, we have F g K C K g . 

Since FM = FK, F g M = F g K C K g . Let V be the first ramification group 
of poo in K g /k. Set F :— K^ . Then p^, is tamely ramified in E/k and therefore 
F C fc(Ajv) m - We obtain that Soo(M) is tamely ramified in K g /M and since K g /K 
is unramified, it follows that K g /FM is unramified. Finally poo is tamely ramified 
in F/k so Soo(M) is tamely ramified in FM/M. Since poo is fully and wildly 
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ramified in M/k, M n E = k. 



E- 



■F g M = F g K 



FM = KM = FK 



poo is tamely 
ramified 



Soo(M) is tamely 
ramified 



k 



M 



Now [K g : k] = [E : k]\V\ = [E : k][M : k] = [EM : k}. 



K n 



EM. 



We also have F g C E because F g = F g K n E C E. 



It follows that 
The extension 



K g / F g K is unramified so K g /FK is unramificd and the only possible ramified 
prime in FK — FM/F is 800(F) and if it is so, it is wildly ramified. S 00(F) 
is not ramified in E/F since otherwise it would be tamely ramified, and E/F is 
unramificd at every other prime because K g /F is ramified at most at S '00(F). It 
follows that E C F g and therefore E = F g . Thus K g = EM = F g M = F g K. 
We have proved 

Theorem 4.3. Let K/k be any finite abelian extension with K C „fc(Ajv) m . Let 
F = n K n k(A N ) m and M — Kk(A N ) m n L n . Then the genus field of K is 

Kg = FgK = FgM. □ 

Our main result is the combination of Theorems 4.1 and 4.3. 

Theorem 4.4. Let K/k be a finite abelian extension with K C fc(Ajv)F g mi„. Let 
F = KL n n k(A N )¥ qm and E = k(A N ) n F¥ qm C k(A N ). Then the genus field of 
K is Kg = EgFK where E g is the genus field of E. □ 



5. Applications 

In this section we will see how our results can be applied to some general abelian 
extensions: Kummer, Artin-Schreier and p-cyclic (Witt) extensions. 

5.1. Kummer Extensions. Here we will assume that q > 3. Let P <E R^- Then 
k( 9 -{/(-l) dc % p P) C k(A N ) (see [11, Lemma 16.13]). Thus for I a prime number 
such that I I q — 1, we have k({/(-l) dc s p P C fe(A P ). Therefore for any momc 
polynomial D € Rt, we obtain k(l/(-l) Ac z D D) C k(A D ). 

Note that for a, (3 e ¥*, we have k(v^D) = k(JfpD) iff a = (3 mod (W*) 1 . In 
particular k(^yD) C fc(A £) ) iff 7 = (-l) dc s D mod (F*) J . It follows that if I \ degD 
then k(lfD) C fc(A D ). 

In this subsection we use the notations of Section 4. Let K := k(\ZjD) with 
D e i?T a monic Z-power free polynomial, 7 <E F* and D = 1 • • • where 
Pi G Pj, l<ej<Z — 1, 1 < i < r. Furthermore we arrange the product so that 
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t = deg Soo{K) 



I | deg Pi for 1 < i < s and I \ deg Pj for s + 1 < j < r, < s < r. In general, we 
always have E = k({/{-l) dc z D D), and F* C (F*,) 1 . 

Proposition 5.1. TTie behavior of in K/k is the following: 

(a) .- degD, poo is ramified. 

(b) .- /// | degD and 7 € (F*) ( , p^, decomposes. 

(c) .- /// I degD and 7 £ (F*)', p M is inert. 

Proof. [9, Lemma 3] □ 

Now by Remark 4.2, we have [K g : K] = [E g : E]t where 

1 if poo is not inert in K/k, 
I if poo is inert in K/k. 

When K — E, that is, when K C k(Ao), if X 1S the character of order I associated 
to K , x = XPi ' ' ' Xp t i we consider Y = (xPi | 1 < i < r). The field associated 
to y is F = k({/(-l) dc s p iP 1 , . . . , </(-l)d°s^P r ), and K g = F if I \ degD or if 
I I deg Pi for all i (that is, s = r). This is because in the first case poo is already 
ramified in K and in the second poo is unramificd in F/k (Proposition 5.1). 

When I I degD and I \ degP r , poo ramifies in F/k and is unramified in E/k. In 
this case [F : E g ] — I. Let a s+ i, . . . , a r _i G Z be such that 2 | deg(PiP" i ), that is, 
deg Pi + cii deg P r = mod 2, s + l<i<r — 1. Let 

Fx := k(j/l\, ...,</P~ s , tfp s+1 P?' +1 , ^Pr^P^- 1 ) C fc(A Pl p 2 ... P J. 

Then S^P) decomposes in F t /E, K <Z F 1 <Z E g and since F = F 1 (y/(-l) de z p '-Pr) , 
we have [P : Pi] = Z. It follows that E g = Fi. 

In the general case, from Theorem 4.3 we obtain K g = E g K. Therefore 

Theorem 5.2 (G. Peng [9]). Let D = Pf 1 • • • P^ r G Pt &e a monic l-power free 
polynomial, where Pi G P^, 1 < < I — 1, 1 < i < r. Let < s < r be such that 
I I deg Pi for 1 < i < s and I \ dcgP, for s + 1 < j < r. Let K := k(y/jD) where 
7 G F*. Then K g is given by: 

(a) .- k(^D, ^/(-l)dcgP lFlj . . . ; ^/(-l)dcgP.p r ) j/ / j dcgP or if I | deg P for 

all 1 < i < r, 

(b) .- k(^yD, ^/P7, . . . , a/P, {/P s+1 P? s+1 , . . . , ^P r _iP a ^ 1 ) , w/iere tfte exponent 

aj satisfies deg Pj + aj deg P r = mod /, s + 1 < j < r — 1, if I | deg D and 
I \ deg P r . □ 

5.2. Artin Schreier extensions. Consider K := where y p — y~a£ k. The 
equation can be normalized as: 

(ST) yP-y = a = j2^+f(n 

1=1 1 

where P G P T , Q 4 G Pt, gcd(P,Q 4 ) = 1, a > 0, p \ e t , degQ 4 < degP 4 e % 
1 < i < r, f{T) G Pt, with p\ deg / when /(T) £ ¥ q . 

We have that the finite primes ramified in K/k are precisely P\, . . . ,P r . With 
respect to poo we have 

Proposition 5.3. The prime poo is 
(a).- decomposed if f '(T) = . 
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(b) .- inert if f(T) e W q and f{T) g p(W q ) := {a p - a \ a e W q }. 

(c) .- ramified if f{T) (£ ¥ q (thus p]dcgf). □ 

We study two cases. 

Case 1: We assume that poo is not ramified, so f(T) £ W q . We have Gal(K p /k) = 
C p x C p . The p + 1 fields of degree p over k contained in K p are: k(y + (3i), 1 < i < p 
and k p , where {/3i} P _ 1 is a basis of ¥ qP over F g . By Proposition 5.3, the unique such 
extension such that p^o is not inert is the one k(w) such that w p — w = a — f{T). 
Thus E = k{w). 

If x is the character associated to E, then \ = \Pi • • • XP r an d the field associated 
to \Pi is k{yi), where y\ — = ai := J^-, 1 < i < r. Therefore 

(5.2) E g = ,y r ). 

Thus K g = E g K = k{y u . . .,y r ,/3) with (3 p - (3 p(W q ) = {x? - x | x € FJ. 
Case 2: Now consider the case poo ramified in K. Set K\ := k(J3), (3 P — (3 = f(T), 
p\ deg/. Let E := k(w) where w p — w = a — f(T) = ai = Y^i=i ~pk- By Case 1, 
Eg = k(yi, . . .,y r ). Therefore K g = E g K = k(yi, . . -,y r ,P)- 

We have proved 

Theorem 5.4 (S. Hu and Y. Li [6]). Let K = k(y) be given by (5.1). Then 
Kg = k( Vl , . . .,y r ,P), where y\ - Vl = % , 1 < i < r and [3 P - [3 = f(T). □ 

5.3. p— cyclic extensions. This case is similar to Artin-Schreier's. Here we con- 
sider K = k(y) where — y = (3, and the operation is the Witt difference. The 
extension is a finite p-extension of degree less than or equal to p n where y is of 
length n. Let P\, . . . P r be the finite prime divisors ramified in K/k. 

Theorem 5.5. Let K/k be a cyclic extension of degree p n where Pi, . . . , P r e R^, 
and possibly poo, are the ramified prime divisors. Then K = k(y) where 

y p -y^(3 = S 1 + --- + S r +fl, 

with (3i — [3i ^ p(k), Sij = Bij > 0, Qij e Rt and if > 0, then p \ e^, 

i 

gcd(Qij,Pi) = 1 and deg(<5y) < deg(i^ e * J ) 7 and fij = f 3 (T) e Rt with p \ deg fj 
when fj £ W q . 

Proof. We recall some facts on Witt vectors that we will need. In general, for the 
ring R := Q[xj, j/j, z{\ in the variables X{,yj, zi we consider the ring R n , n <G N with 
the underlying set equal to R n and with the operations +, — , • componentwise. Let 
R n be the ring with underlying set the same R n and with the following operations 
(Witt). Let <p: R n — > R n be given by <p{ai, . . . , a n ) — (aS 1 ', . . . , a^ n ') where 

a (m) := of ' + paf N \-p m ~ 1 a m , m=l,...,n. 

Then ip is a biyective map with inverse ip: R n — > R n given by ^{a^, . . . , a^) = 
(ai, . . . , a n ) where 

a " = ^=T ( a(m) - a i™" - P<>f " P m ~ 2 <-i) , m=l,...,n. 

The Witt operations +, — and • on R n are given by 

a±b=(a* + -b*y~\ 
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Now we return to our case of congruence function fields. Consider K/k a cyclic 
extension of degree p n given by K := k(y), yP — y = f3 with y E W n (K) a Witt 
vector of length n in K and (3 G W n (k) a Witt vector of length n in k. 

Let f3 = /3„) be such that 



(5.3) fj(T) e i?T, e N U {0} for all 1 < i < r and 1 < j < n. 



with 



Now when we apply ip to (3 we obtain . . . , and from the definition of 

, we obtain 

^0) = J2 + f (T) for a u 1 < j <n. 

i=iP i ii 

We write 

P = fi + ■ ■ ■ + lr + £*, 
. . . , /*(»>) = ( 7 «, . . . , 7 <">) + • • • + ( 7 «, . . . , 7 W) + . . . , 

0) = ^4 1 < i < r , 1 < j < n and = /<(T). 
When we apply ip' 1 1 we obtain 

(ft, . . . ,/3 n ) = (/?«,. . . , /?(")f _1 = {^y- 1 + ■■■ + (jr)^ 1 + dy 1 

and each vector {"fi) v 1 is of the form ( -^t-, • • • , ^fh ) and the vector (£)V 1 is of 

V p°»l p. in I 

the form (/"(T), . . . , /;'(T)). In other words 

= h + ■ ■ ■ + 6 r + (2 

where the components of each Si have poles at most at Pi and jl has components 
with poles at most at p^. Let pi be the divisor corresponding to Pi. 

Now each 5 and p, can be normalized in such a way that each component (Si)j :— 
Sij has divisor 

(Sij) k — ^j- with X { > 0; if X t = 0, then %(<!„) > 0; 

Pi 

if Xi > 0, then gcd(p, Aj) = 1 and v Pij (ay) = 0, 

and similarly for ^/ with respect to (see [12, page 162]). Indeed, the normaliza- 
tion can be obtained by the change of variable j/y i-> j/y +aij,l<i<r,l<j<n 

where iji — (yn, . . . , yi n ), — Vi — Si and ay e A:, that corresponds to the substi- 
tution Sij i ^ <5y + a?- — ay and therefore the components obtained have no poles 
other than pi. □ 



Now we study the behavior of poo in K/k. 
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Proposition 5.6. Let K/k be given as in Theorem 5.5. Let ji\ = ■ ■ ■ = /j, s = 0, 
yUjs+i G F*, ii s+ \ £ p(F g ) and finally, let t + 1 be the first index with f t +i ¥ q 
(and therefore p \ degft+i). Then the ramification index o/poo is p n ~ l , the inertia 
degree of p^ is p*~ s and the decomposition number of p^ is p s . More precisely, 
if Gal(K/k) = (a) = C p n, then the inertia group of p^ is 3 — (a p ) and the 
decomposition group of poo is D — (cr p ). 

Proof. Since the extension K/k is a Galois extension of degree a power of a prime, 
the inertia field is the first layer such that poo ramifies. The index of this first layer 
is t + 1 (see [12]). On the other hand, by the same reason, the decomposition field 
is the first layer where poo is inert and this is given by s + 1 (Proposition 5.3). □ 

Now yf — fji = Si, 1 < i < r and z 9 — z = jl. Note that k(y, pi) and k(p, z) arc 
unramified extensions of k(p). 

We have k(y — z) C fc(Ajv) for some N E Rt since by Proposition 5.6, poo is 
fully decomposed in k(y — z). Therefore E = k(y — z) is contained in a cyclotomic 
function field. 

If x is the character associated to E, then \ = XPi ' ' ' XP r , where each \Pi is of 
order p ni with ni < n. Clearly, the field associated to XP; is k(pi). It follows that 
Eg = k(yi, . . . , p r ) since poo is fully decomposed. 

Note that Kk(z)/K is unramified and Soo(K) decomposes fully. It follows from 
Theorems 4.1 and 4.4 that K g = E g k{z). 

Therefore we have proved 

Theorem 5.7. If K/k is given as in Theorem 5.5, then K g = k(p\, . . . , p r , z) where 
yf — pi — Si, I < i < r and z 9 — z ' = ft. □ 

Example 5.8. Let k = F 3 (T) and K = k(y) where y 3 -y = /3= + 
Then the decomposition prescribed in Theorem 5.5 is: 

Mf'^) + (°.r^) + M' 

Thus, if yl - yx = S\ = (±, ^r), Pi ~ Pi = fa = (0, and z 3 - z = p = 

(l,T), then K g = k(y 1 ,p 2 ,z). 
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